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Abstract
Developing on the ideas of (section 4 of) [1] and [2] and using the formalisms of [3, 4], after inclusion
of perturbative and non-perturbative α′ corrections to the Ka¨hler potential and (D1- and D3-) instanton
generated superpotential, we show the possibility of getting finite values for the non-linear parameter
fNL while looking for non-Gaussianities in type IIB compactifications on orientifolds of the Swiss Cheese
Calabi-YauWCP4[1, 1, 1, 6, 9] in the L(arge) V(olume) S(cenarios) limit. First we show that in the context
of multi-field slow-roll inflation, for the Calabi-Yau volume V ∼ 105 and D3−instanton number ns ∼ 10
along with Ne ∼ 18, one can realize fNL ∼ 0.03, and for Calabi-Yau volume V ∼ 106 with D3−instanton
number ns ∼ 10 resulting in number of e-foldings Ne ∼ 60, one can realize fNL ∼ 0.01. Further we show
that with the slow-roll conditions violated and for the number of the D3−instanton wrappings ns ∼ O(1),
one can realize fNL ∼ O(1). Using general considerations and some algebraic geometric assumptions, we
show that with requiring a “freezeout” of curvature perturbations at super horizon scales, it is possible to
get tensor-scalar ratio r ∼ O(10−3) with the loss of scale invariance |nR − 1| = 0.01 and one can obtain
fNL ∼ O(10−2) as well in the context of slow-roll inflation scenarios in the same Swiss-Cheese setup.
For all our calculations of the world-sheet instanton contributions to the Ka¨hler potential coming from
the non-perturbative α′ corrections, the degrees of genus-zero rational curves correspond to the largest
value of the Gopakumar-Vafa invariants for the chosen compact projective variety, which is very large. To
our knowledge, such values of non-Gaussianities and tensor-scalar ratio in slow-roll inflationary and/or
slow-roll violating scenarios, have been obtained for the first time from string theory. We also make some
observations pertaining to the possibility of the axionic inflaton also being a cold dark matter candidate
as well as a quintessence field used for explaining dark energy.
1e-mail: aalokfph@iitr.ernet.in
2email: pmathdph@iitr.ernet.in
1 Introduction
The idea of inflation has widely involved several string theorists for the past few years with attempts to
constructing realistic inflationary models to have a match with the cosmological observations [5, 6, 7, 8, 9] as
a test of string theory [10, 11, 12, 13, 14]. Although the idea of inflation was initially introduced to explain
the homogeneous and isotropic nature of the universe at large scale structure [15, 16, 17], its best advantage
is reflected while studying inhomogeneities and anisotropries of the universe, which is a consequence of the
vacuum fluctuations of the inflaton as well as the metric fluctuations. These fluctuations result in non-linear
effects (parametrized by fNL, τNL) seeding the non-Gaussianity of the primordial curvature perturbation,
which are expected to be observed by PLANCK, with non-linear parameter fNL ∼ O(1) [18]. Along with
the non-linear parameter fNL, the “tensor-to-scalar ratio” r is also one of the key inflationary observables,
which measures the anisotropy arising from the gravity-wave(tensor) perturbations and the signature of the
same is expected to be predicted by the PLANCK if the tensor-to-scalar ratio r ∼ 10−2−10−1 [18]. As these
parameters give a lot of information about the dynamics inside the universe, the theoretical prediction of
large/finite (detectable) values of the non-linear parameters fNL, τNL as well as “tensor-to-scalar ratio” r has
received a lot of attention for recent few years [7, 8, 19, 20, 21, 22, 23, 25, 26, 27, 28, 29, 30, 31]. For calculating
the non-linear parameter fNL, a very general formalism (called as δN -formalism) was developed and applied
for some models [32]. Initially the parameter fNL was found to be suppressed (to undetectable value) by the
slow roll parameters in case of the single inflaton model. Followed by this, several models with multi-scalar
fields have been proposed but again with the result of the non-linear parameter fNL of the order of the slow-
roll parameters as long as the slow-roll conditions are satisfied [3, 4, 5, 33, 34, 35, 36, 37, 38, 39, 40]. Recently
considering multi-scalar inflaton models, Yokoyama et al have given a general expression for calculating the
non-linear parameter fNL (using δN -formalism) for non-separable potentials[3] and found the same to be
suppressed again by the slow-roll parameter ǫ (with an enhancement by exponential of quantities ∼ O(1)).
In the work followed by the same as a generalization to the non slow-roll cases, the authors have proposed
a model for getting finite fNL violating the slow roll conditions temporarily [4]. The observable “tensor-to-
scalar ratio” r, characterizing the amount of anisotropy arising from scalar-density perturbations (reflected
as the CMB quadrupole anisotropy) as well as the gravity-wave perturbations arising through the tensorial
metric fluctuations, is crucial for the study of temperature/angular anisotropy from the CMB observations.
The “tensor-to-scalar ratio” r is defined as the ratio of squares of the amplitudes of the tensor to the
scalar perturbations defined through their corresponding power spectra. Several efforts have been made for
getting large/finite value of “ r ” with different models, some resulting in small undetectable values while
some predicting finite bounds for the same [19, 25, 26, 27, 28, 29, 30].
In this note, continuing with the results of our previous paper [2] for Large Volume multi-axionic Swiss-
Cheese inflationary scenarios, we discuss whether it is possible, starting from string theory, to
• obtain fNL ∼ O(10−2 − 100) ,
• obtain tensor-scalar ratio r ∼ 10−3,
• obtain number of e-foldings Ne ∼ O(10),
• obtain the loss of scale invariance within experimental bound: |nR − 1| ≤ 0.05
such that
• the curvature perturbations are “frozen” at super horizon scales,
• the inflaton could be a dark matter candidate at least in some corner of the moduli space,
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• the inflaton could also be identified with quintessence to explain dark energy, once again, at least in
some corner - the same as above - of the moduli space.
We find that the answer is a yes. The crucial input from algebraic geometry that we need is the fact that
Gopakumar-Vafa invariants of genus-zero rational curves for compact Calabi-Yau three-folds expressed as
projective varieties can be very large for appropriate maximum values of the degrees of the rational curves.
This is utilized when incorporating the non-perturbative α′ contribution to the Ka¨hler potential.
The plan of the paper is as follows. In section 2, we review our previous work pertaining to obtaining
meta-stable dS vacua without addition of anti-D3 branes and obtaining axionic slow-roll inflation. In section
3, using the techniques of [3, 4], we show the possibility of getting finite O(10−2) non-Gaussianities in slow-
roll and O(1) non-Gaussianities in slow-roll violating scenarios. In section 4, based on general arguments not
specific to our (string-theory) set-up and using the techniques of [23, 41], we show that ensuring “freezeout”
of curvature perturbations at super horizon scales, one can get a tensor-scalar ratio r ∼ O(10−3) in the
context of slow-roll scenarios. In section 5, we summarize our results and give some arguments to show the
possibility of identifying the inflaton, responsible for slow-roll inflation, to also be a dark matter candidate
as well as a quintessence field for sub-Planckian axions.
2 Review of Large Volume Slow-Roll Axionic Inflationary Scenarios In-
cluding Non-Perturbation α′ Corrections
Let us first summarize the results of our previous works (section 4 of [1]) and [2]. With the inclusion
of perturbative (using [42]) and non-perturbative (using [43]) α′-corrections as well as the loop corrections
(using [44]), the Ka¨hler potential for the two-parameter “Swiss-Cheese” Calabi-Yau expressed as a projective
variety in WCP4[1, 1, 1, 6, 9], can be shown to be given by:
K = −ln (−i(τ − τ¯))− ln
(
−i
∫
CY3
Ω ∧ Ω¯
)
−2 ln
[
V + χ(CY3)
2
∑
m,n∈Z2/(0,0)
(τ¯ − τ) 32
(2i)
3
2 |m+ nτ |3
−4
∑
β∈H−2 (CY3,Z)
n0β
∑
m,n∈Z2/(0,0)
(τ¯ − τ) 32
(2i)
3
2 |m+ nτ |3
cos
(
(n +mτ)ka
(Ga − G¯a)
τ − τ¯ −mkaG
a
)]
+
C
KK (1)
s (Uα, U¯α¯)
√
τs
V
(∑
(m,n)∈Z2/(0,0)
(τ−τ¯)
2i
|m+nτ |2
) + CKK (1)b (Uα, U¯α¯)√τb
V
(∑
(m,n)∈Z2/(0,0)
(τ−τ¯)
2i
|m+nτ |2
) . (1)
In (1), the first line and −2 ln(V) are the tree-level contributions. The second (excluding the volume factor
in the argument of the logarithm) and third lines are the perturbative and non-perturbative α′ corrections.
{n0β} are the genus-zero Gopakumar-Vafa invariants that count the number of genus-zero rational curves.
The fourth line is the 1-loop contribution; τs is the volume of the “small” divisor and τb is the volume of the
“big” divisor. The loop-contributions arise from KK modes corresponding to closed string or 1-loop open-
string exchange between D3- and D7-(or O7-planes)branes wrapped around the “s” and “b” divisors. Note
that the two divisors forWCP4[1, 1, 1, 6, 9], do not intersect (See [45]) implying that there is no contribution
from winding modes corresponding to strings winding non-contractible 1-cycles in the intersection locus
corresponding to stacks of intersecting D7-branes wrapped around the “s” and “b” divisors. One sees
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from (1) that in the LVS limit, loop corrections are sub-dominant as compared to the perturbative and
non-perturbative α′ corrections.
To summarize the result of section 4 of [1], one gets the following potential:
V ∼ Y
√
lnY
V2ns+2 e
−2φ
(∑
ns n
s∑
ma e
−m2
2gs
+mab
ans
gs
+
nsκ1abb
abb
2gs
)2
|f(τ)|2
+
∑
ns
WlnY
Vns+2
(
θns(τ¯ , G¯)
f(η(τ¯ ))
)
e
−ins(−ρ˜1+ 12κ1ab τ¯G
a−τG¯a
(τ¯−τ)
(Gb−G¯b)
(τ¯−τ) − 12κ1ab
Ga(Gb−G¯b)
(τ−τ¯) ) + c.c.
+
∑
k1,k2
|W |2
V3
(
3k22 + k
2
1
k21 − k22
) ∣∣∣∑c∑n,m∈Z2/(0,0) e− 3φ2 An,m,nkc (τ)sin(nk.b+mk.c)∣∣∣2∑
c′
∑
m′,n′∈Z2/(0,0) e
− 3φ
2 |n+mτ |3|An′,m′,n
kc
′ (τ)|2cos(n′k.b+m′k.c)
+
ξ|W |2
V3 ,
(2)
where V is the overall volume of the Swiss-Cheese Calabi-Yau, ns is the D3-brane instanton quantum
number, ma’s are the D1 instanton numbers and f(τ) is an appropriate modular function. The expressions
for Y, the holomorphic Jacobi theta function θnα(τ,G) and An,m,nkc (τ) are defined as:
Y ≡ VE + χ
2
∑
m,n∈Z2/(0,0)
(τ − τ¯) 32
(2i)
3
2 |m+ nτ |3
−4
∑
β∈H−2 (CY3,Z)
n0β
∑
m,n∈Z2/(0,0)
(τ − τ¯) 32
(2i)
3
2 |m+ nτ |3
cos
(
(n+mτ)ka
(Ga − G¯a)
τ − τ¯ −mkaG
a
)
,
θnα(τ,G) =
∑
ma
e
iτm2
2 ein
αGama ,
An,m,nkc (τ) ≡
(n+mτ)nkc
|n+mτ |3 . (3)
Also, Ga are defined by Ga ≡ ca − τba (where ca’s and ba’s are defined through the real RR two-form
potential C2 = caω
a and the real NS-NS two-form potential B2 = baω
a).
On comparing (2) with the analysis of [46], one sees that for generic values of the moduli ρα, G
a, k1,2
and O(1) Wc.s., and ns(the D3-brane instanton quantum number)=1, analogous to [46], the second term
dominates; the third term is a new term. However, as in KKLT scenarios (See [47]), Wc.s. << 1; we
would henceforth assume that the fluxes and complex structure moduli have been so fine tuned/fixed that
W ∼ Wn.p.. We assume that the fundamental-domain-valued ba’s satisfy: |b
a|
π < 1
3. This implies that for
ns > 1, the first term in (2) - |∂ρsWnp|2 - a positive definite term, is the most dominant. In the same, ρs is
the volume of the small divisor complexified by RR 4-form axions. Hence, if a minimum exists, it will be
positive. As shown in [1], the potential can be extremized along the locus:
mk.c+ nk.b = N(m,n;,ka)π (4)
3If one puts in appropriate powers of the Planck mass Mp,
|ba|
π
< 1 is equivalent to |ba| < πMp, i.e., NS-NS axions are
sub-Planckian in units of πMp.
3
with ns > 1 and for all values of the D1-instanton quantum numbers ma.4
As shown in section 3 of [2], it turns out that the locus nk.b +mk.c = Nπ for |ba| < π and |ca| < π
corresponds to a flat saddle point with the NS-NS axions providing a flat direction. For all directions in
the moduli space with Wc.s. ∼ O(1) and away from DiWcs = DτW = 0 = ∂caV = ∂baV = 0, the O( 1V2 )
contribution of
∑
α,β¯∈c.s.(G
−1)αβ¯DαWcsD¯β¯W¯cs dominates over (2), ensuring that that there must exist a
minimum, and given the positive definiteness of the potential, this will be a dS minimum. There has been
no need to add any D3-branes as in KKLT to generate a dS vacuum.
3 Finite fNL
We now proceed to showing the possibility of getting finite values for the non-linearity parameter fNL in
two different contexts. First, we show the same for slow-roll inflationary scenarios. Second, we show the
same when the slow-roll conditions are violated.
3.1 Slow-Roll Inflationary Scenarios
In [2], we discussed the possibility of getting slow roll inflation along a flat direction provided by the NS-NS
axions starting from a saddle point and proceeding to the nearest dS minimum. In what follows, we will
assume that the volume moduli for the small and big divisors and the axion-dilaton modulus have been
stabilized. All calculations henceforth will be in the axionic sector - ∂a will imply ∂Ga in the following. On
evaluation of the slow-roll inflation parameters (in Mp = 1 units) ǫ ≡ G
ij∂iV ∂jV
2V 2
, η ≡ the most negative
eigenvalue of the matrix N ij ≡
Gik
(
∂k∂jV−Γljk∂lV
)
V with Γ
l
jk being the affine connection components, we found
that ǫ ∼ (ns)2
(k2g
3
2
s ∆)V
and η ∼ 1
k2g
3
2
s ∆
[gsn
sκ1ab +
(ns)2√
V ± n
sk2g
3
2
s ∆]5 where ∆ ≡
∑
β∈H−
2
(CY3,Z)
n0
β
V and we have
chosen Calabi-Yau volume V to be such that V ∼ e 4π
2
gs (similar to [48]). Using Castelnuovo’s theory of study
of moduli spaces that are fibrations of Jacobian of curves over the moduli space of their deformations, for
compact Calabi-Yau’s expressed as projective varieties in weighted complex projective spaces (See [49]) one
sees that for appropriate degrees of the holomorphic curve, the genus-0 Gopakumar-Vafa invariants can be
very large to compensate the volume factor appearing in the expression for η. Hence the slow-roll conditions
can be satisfed, and in particular, there is no “η”-problem. By investigating the eigenvalues of the Hessian,
we showed (in [2]) that one could identify a linear combination of the NS-NS axions (“k2b
2+k1b
1”) with the
inflaton and the slow-roll inflation starts from the aforementioned saddle-point and ends when the slow-roll
conditions were violated, which most probably corresponded to the nearest dS minimum, one can show that
(in Mp = 1 units)
Ne = −
∫ fin: dS Minimum
in: Saddle Point
1√
ǫ
dI ∼
kg
3/4
s
√∑
β∈H2 n
0
β
ns
. (5)
We will see that one can get Ne ∼ 60 e-foldings in the context of slow roll as well as slow roll violating
scenarios. Now before explaining how to get the non-linear parameter “fNL” relevant to studies of non-
Gaussianities, to be O(10−2) in our slow-roll LVS Swiss-Cheese orientifold setup, let us summarize the
4Considering the effect of axionic shift symmetry (of the ba axions) on the D1-instanton superpotential (WD1−instanton),
one can see that ma is valued in a lattice with coefficients being integral multiple of 2π.
5The gs and k-dependence of ǫ and η was missed in [2]. The point is that the extremization of the potential w.r.t.b
a’s and
ca’s in the large volume limit yields a saddle point at sin(nk.b +mk.c) = 0 and those maximum degree-ka holomorphic curves
β for which ba ∼ −ma/κ (assuming that nk.m
πκ
∈ Z).
4
formalism and results of [3] in which the authors analyze the primordial non-Gaussianity in multi-scalar
field inflation models (without the explicit form of the potential) using the slow-roll conditions and the δN
formalism of ([31]) as the basic inputs.
Assuming that the time derivative of scalar field φa(t) is not independent of φa(t) (as in the case of
standard slow-roll inflation) the background e-folding number between an initial hypersurface at t = t∗
and a final hypersurface at t = tc (which is defined by N ≡
∫
Hdt) can be regarded as a function of the
homogeneous background field configurations φa(t∗) and φa(tc) (on the initial and final hypersurface at
t = t∗ and t = tc respectively). i.e.
N ≡ N(φa(tc), φa(t∗)) . (6)
By considering tc to be a time when the background trajectories have converged, the curvature perturbation
ζ evaluated at t = tc is given by δN(tc, φ
a(t∗)) (using the δN formalism). After writing the δN(tc, φa(t∗))
upto second order in field perturbations δφa(t∗) (on the initial flat hypersurface at t = t∗) the curvature
perturbation ζ(tc) becomes
ζ(tc) ≃ δN(tc, φa∗) = ∂aN∗δφa∗ +
1
2
∂a∂bN
∗δφa∗δφ
b
∗ , (7)
and using the power spectrum correlator equations and ζ(x) = ζG(x)− 35fNLζ2G(x), where ζG(x) represents
the Gaussian part, one can arrive at
−6
5
fNL ≃ ∂
aN∗∂bN∗∂a∂bN∗
(∂cN∗∂cN∗)2
(8)
with the assumption that the field perturbation on the initial flat hypersurface, δφa∗, is Gaussian.
For the generalization of the above in the context of non-Gaussianties, the authors assumed the so called
“relaxed” slow-roll conditions (RSRC) (which is ǫ≪ 1 and |ηab| ≪ 1) for all the scalar fields, and introduce
a time tf , at which the RSRC are still satisfied. Then for calculating ζ(tc), they express δφ
a(tf) in terms of
δφa∗ , with the scalar field expanded as φa ≡ φ0a+ δφa and then evaluate N(tc, φa(tf)) (the e-folding number
to reach φa(0)(tc) starting with φ
a = φa(tf)) and with the calculation of ζ(tc) in terms of derivatives of field
variations of Nf (making use of the background field equations in variable N instead of time variable) and
comparing the same with (7) and using (8) one arrives at the following general expression for the non-linear
parameter fNL:
−6
5
fNL =
∂a∂bN
fΛaa′Ga
′a′′∂a′′N∗Λbb′Gb
′b′′∂b′′N∗ +
∫Nf
N∗ dN∂cNQ
c
dfΛ
d
d′Gd
′d′′∂d′′N∗Λ
f
f ′Gf
′f ′′∂f ′′N∗
(Gkl∂kN∗∂lN∗)2 , (9)
with the following two constraints (See [3]) required:
∣∣∣∣G
ab (∂bV );a
V
∣∣∣∣≪
√
Gab∂aV ∂bV
V 2
and
∣∣∣∣Qabc
∣∣∣∣≪
√
Gab∂aV ∂bV
V 2
, (10)
the semicolon implying a covariant derivative involving the affine connection. In (9) and (10), Gab’s are the
components of the moduli space metric along the axionic directions given as,
Gab ∼ Y
k2g
3
2
s
∑
β∈H−2 (CY3,Z) n
0
β
≡ 1
k2g
3
2
s ∆
(11)
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Further,
Λab ≡
(
Te
∫ Nf
N∗ P (N)dN
)a
b
, P ab ≡
[
−∂a′(G
aa′∂bV )
V
+
Gaa′∂a′V ∂bV
V 2
]
;
Qabc ≡
[
−∂a′(G
aa′∂b∂cV )
V
+
∂a′(Gaa′∂(bV )∂c)V
V 2
+
Gaa′∂a′V ∂b∂cV
V 2
− 2G
aa′∂a′V ∂bV ∂cV
V 3
]
, (12)
where V is the scalar potential and as the number of e-folding is taken as a measure of the period of inflation
(and hence as the time variable), the expression for ΛIJ above, has a time ordering T with the initial and
final values of number of e-foldings N∗ and Nf respectively. From the definition of P IJ and Λ
I
J , one sees that
during the slow-roll epoch, ΛIJ = δ
I
J .
After using (2) along with:
∑
ma∈2Zπ
e
−m2
2gs
+mab
ans
gs
+
nsκ1abb
abb
2gs ∼ 1
∑
ma∈2Zπ
mae
−m2
2gs
+mab
ans
gs
+
nsκ1abb
abb
2gs ∼ e−2π
2
gs ∼ 1√V ,
(13)
for sub-planckian ba’s, one arrives at the following results (along the slow-roll direction sin(nkab
a+mkac
a) =
0) :
∂aV
V
∼ n
s
√V ;
∂a∂bV
V
∼ gsnsκ1ab + (n
s)2√V ± n
sk2g
7
2
s ∆,
∂a∂b∂cV
V
∼ n
s
√V
[
gs(n
s)κ1ab + (n
s)2 ± g
7
2
s n
sk2∆
]
(14)
Further using the above, one sees that the ǫ and η parameters along with Qabc (appearing in the expression
of fNL) are given as under:
ǫ ∼ (n
s)2
Vg
3
2
s k2∆
; η ∼ 1
g
3
2
s k2∆
[
gsn
sκ1ab +
(ns)2√V ± n
sk2g
7
2
s ∆
]
, (15)
and
Qabc ∼
ns
gs
3
2k2∆
√V
[
(ns)2 +
(ns)2√V −
(ns)2
V ± n
sk2g
7
2
s ∆
]
(16)
Now in order to use the expression for fNL, the first one of required constraints (10) results in the following
inequality:
|δ| ≡
∣∣∣∣∣gsnsκ1ab + (n
s)2√V − n
sg
7
2
s k
2∆
∣∣∣∣∣≪ ns
√√√√g 32s k2∆
V (17)
Now we solve the above inequality for say |δ| ∼ 1V , which is consistent with the constraint requirement along
with the following relation
∆ ≡
∑
β∈H−2 (CY3,Z) n
0
β
Y ∼
1
k2g
7
2
s
[
gsκ1ab +
ns√V
]
∼ 1
k2g
5
2
s
(18)
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The second constraint is ∣∣∣∣∣(ns)2 + (n
s)2√V +
(ns)2
V − g
7
2
s k
2(ns)∆
∣∣∣∣∣≪
√
k2∆g
3
2
s (19)
Given that we are not bothering about precise numerical factors, we will be happy with “<” instead of a
strict “≪” in (19). Using (18) in the previous expressions (15,16) for ǫ, η and Qabc, we arrive at the final
expression for the slow-roll parameters ǫ, η and Qabc as following:
ǫ ∼ Gab (n
s)2
V ∼
gs(n
s)2
V ; |η| ∼ G
ab|δ| ∼ gsV
(Qabc)max ∼ Gab
√
k2∆g
3
2
s
(
ns√V
)
∼ ns
√
gs
V (20)
As the number of e-foldings satisfies ∂IN =
V
∂IV
∼
√V
ns
√
gs
, which is almost constant and hence ∂I∂JN ∼ 0.
Consequently the first term of (9) is negligible and the maximum contribution to the non-Gaussianities
parameter fNL coming from the second term is given by:
∫Nf
N∗ dN∂cNQ
a
bcΛ
b
b′Gb
′b′′∂b′′NΛ
c
c′Gc
′c′′∂c′′N
(Gdf∂dN∂fN)2 ≤ (Q
a
bc)max ∼ ns
√
gs
V . (21)
This way, for Calabi-Yau volume V ∼ 106, D3-instanton number ns = O(10) with ns ∼ gs ∼ k2implying
the slow-roll parameters6 ǫ ∼ 0.00028, |η| ∼ 10−6 with the number of e-foldings Ne ∼ 60, one obtains the
maximum value of the non-Gaussianties parameter (fNL)max ∼ 10−2. Further if we choose the stabilized
Calabi-Yau volume V ∼ 105 with ns = O(10), we find ǫ ∼ 0.0034, |η| ∼ 10−4 with the number of e-foldings
Ne ∼ 17 and the maximum possible (fNL)max ∼ 3×10−2. The above mentioned values of ǫ and η parameters
can be easily realized in our setup with the appropriate choice of holomorphic isometric involution as part
of the Swiss-Cheese orientifold. This way we have realized O(10−2) non-gaussianities parameter fNL in
slow-roll scenarios of our LVS Swiss-Cheese orientifold setup.
3.2 Slow-Roll Conditions are Violated
We will now show that it is possible to obtain O(1) fNL while looking for non-Gaussianities in curvature
perturbations when the slow-roll conditions are violated. We will follow the formalism developed in [4]
to discuss evaluation of fNL in scenarios wherein the slow-roll conditions are violated. Before that let us
summarize the results of [4] in which the authors analyze the non-Gaussianity of the primordial curvature
perturbation generated on super-horizon scales in multi-scalar field inflation models without imposing the
slow-roll conditions and using the δN formalism of ([31]) as the basic input.
Consider a model with n−component scalar field φa. Now consider the perturbations of the scalar fields
in constant N gauge as
δφA(N) ≡ φA(λ+ δλ;N) − φA(λ;N), (22)
where the short-hand notation of [4] is used - XA ≡ Xai (i = 1, 2) = (Xa1 ≡ Xa,Xa2 ≡ dX
a
dN )
7, and where λA’s
are the 2n integral constants of the background field equations. After using the decomposition of the fields φA
6These values are allowed for the curvature perturbation freeze-out at the superhorizon scales, which is discussed in the
section pertaining to finite tensor-to scalar ratio.
7We have modified the notations of [4] a little.
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up to second order in δ (defined through δφ˜A = δφ˜A(1)+
1
2δφ˜
A
(2); to preserve covariance under general coordinate
transformation in the moduli space, the authors of [4] define: (δφ˜(1))
a
1 ≡ dφ
a
dλ δλ, (δφ˜(2))
a
1 ≡ Ddλ dφ
a
dλ (δλ)
2 and
(δφ˜(1))
a
2 ≡ Dφ
a
2
dλ δλ, (δφ˜(2))
a
2 ≡ D
2φa2
dλ2 (δλ)
2), one can solve the evolution equations for δφ˜A(1) and δφ˜
A
(2). The
equation for δφ˜A(2) is simplified with the choice of integral constants such that λ
A = φA(N∗) implying
δφ˜A(N∗) = δλA and hence δφ˜A(2)(N) vanishing at N∗. Assuming N∗ to be a certain time soon after the
relevant length scale crossed the horizon scale (H−1), during the scalar dominant phase and Nc to be a
certain time after the complete convergence of the background trajectories has occurred and using the so
called δN formalism one gets
ζ ≃ δN = N˜Aδφ˜A + 1
2
N˜ABδφ˜Aδφ˜B + · · · (23)
Now taking Nf to be certain late time during the scalar dominant phase and using the solutions for δφ
A
(1)
and δφA(2) for the period N∗ < N < Nf , one obtains the expressions for N˜A∗ and N˜AB∗ (to be defined below)
and finally writing the variance of δφ˜A∗ (defined through 〈δφ˜A∗ δφ˜B∗ 〉 ≃ AAB
(
H∗
2π
)2
including corrections to
the slow-roll terms in Aab based on [20, 21]), and using the basic definition of the non- linear parameter fNL
as the the magnitude of the bispectrum of the curvature perturbation ζ, one arrives at a general expression
for fNL (for non slow roll cases)[4]. For our present interest, the expression for fNL for the non-slow roll
case is given by
−6
5
fNL =
N˜
f
ABΛ
A
A′(Nf , N∗)A
A′A′′N˜∗A′′Λ
B
B′A
B′B′′N˜∗B′′ +
∫Nf
N∗ dNN˜CQ˜
C
DFΛ
D
D′A
D′D′′N˜∗D′′Λ
F
F ′A
F ′F ′′N˜∗F ′′
(AKLN˜∗KN˜
∗
L)2
, (24)
where again the index A represents a pair of indices ai , i = 1 corresponding to the field ba and i = 2
corresponding to db
a
dN . Further,
Aab11 = Gab +
(
<∞∑
m1,m2,m3,m4,m5
(
||dφ
a
dN
||2
)m1 ( 1
H
dH
dN
)m2
ǫm3ηm4
)ab
,
Aab12 = A
ab
21 =
Gaa′∂a′V Gbb′∂b′
V 2
− ∂a′(G
aa′Gbb′∂b′V )
V
,
Aab22 =
(
Gaa′∂a′V ∂cV
V 2
− ∂a′(G
aa′∂cV )
V
)(
Gcc′∂c′V Gbb′∂b′V
V 2
− ∂c′(G
cc′Gbb′∂b′V )
V
)
, (25)
where in Aab11, based on [20, 21], assuming the non-Gaussianity to be expressible as a finite-degree polynomial
in higher order slow-roll parameter corrections. In (24), one defines:
ΛAB =
(
Te
∫ Nf
N∗ dNP˜ (N)
)A
B
; (26)
N˜A, N˜AB, P˜AB and Q˜
A
BC
8 will be defined momentarily. The equations of motion
d2ba
dN2
+ Γabc
dbb
dN
dbc
dN
+
(
3 +
1
H
dH
dN
)
dba
dN
+
Gab∂bV
H2
= 0,
H2 =
1
3
(
1
2
H2||db
a
dN
||2 + V
)
(27)
8We have modified the notations of [4] for purposes of simplification.
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yield
1
H
dH
dN
=
6
(
2V
H2 − 6
)
− 2Γabc dbadN db
b
dN
dbc
dN
12
. (28)
For slow-roll inflation, H2 ∼ V3 ; the Friedmann equation in (27) implies that H2 > V3 when slow-roll
conditions are violated. The number of e-foldings away from slow-roll is given by: N ∼ ∫ dba
|| dbb
dN
||
, which using
the Friedmann equation implies N ∼ ∫ dba√
1− V
3H2
.
We would require ǫ << 1 and |η| O(1) to correspond to a slow-roll violating scenario. Now, writing the
potential V = V0
√
lnY
Y2ns+1
(∑
m∈2Zπ e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs
)2
, ∂GaV = 0 implies:
∂GaV ∼ −gs
√
lnYns
Y2ns+1
∑
β∈H−2 (CY3,Z)
n0β
Y sin(nk.b+mk.c)k
ag
3
2
s

 ∑
m∈2Zπ
e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs


2
+
gs
√
lnY
Y2ns+1

 ∑
m∈2Zπ
e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs

 ns
gs
∑
m∈2Zπ
(ma + κ1abb
b)

 ∑
ma∈2Zπ
e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs

 ,(29)
which using
∑
m∈2Zπ e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs ∼ e
κ1abb
abb
2gs and
∑
m∈2Zπ(ma+κ1abbb)
(∑
ma∈2Zπ e
−m2
2gs
+n
s
gs
m.b+
κ1abb
abb
2gs
)
∼
κ1abb
be
κ1abb
abb
2gs , one obtains: ∑
β∈H−2 (CY3,Z)
n0β
Y sin(nk.b+mk.c)k
a ∼ b
a
g
5
2
s
. (30)
Slow-roll scenarios assumed that the LHS and RHS of (30) vanished individually - the same will not be true
for slow-roll violating scenarios. Near (30), one can argue that:
GGaG¯b ∼
babb −
√
g7s (k
akb)
2
(
n0
β
V
)2
− b2g2sk2
b2
√
g7s (k
akb)
2
(
n0
β
V
)2
− b2g2sk2 + g7s (kakb)2
(
n0
β
V
)2
− b2g2sk2
;
ΓG
a
GbGc ∼


√
g7s (k
akb)
2
(
n0
β
V
)2
− b2g2sk2 + g2s + b
2g2s√
g7s(kakb)
2
(
n0
β
V
)2
−b2g2sk2


b2
√
g7s (k
akb)
2
(
n0
β
V
)2
− b2g2sk2 + g7s (kakb)2
(
n0
β
V
)2
− b2g2sk2
. (31)
Note, we no longer restrict ourselves to sub-Planckian axions - we only require |ba| < π. For g7s
(
kakb
)2 (n0
β
V
)2
−
b2g2sk
2 ∼ O(1), and the holomorphic isometric involution, part of the Swiss-Cheese orientifolding, assumed
to be such that the maximum degree of the holomorphic curve being summed over in the non-perturbative
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α′-corrections involving the genus-zero Gopakumar-Vafa invariants are such that
∑
β
n0
β
V ≤ 160 , k ∼ 3, we see
that (30) is satisfied and
GGaG¯b ∼ b
2 +O(1)
b2 +O(1) ∼ O(1);
ΓG
a
GbGc ∼
ba
(
g2s + b
2g2s
)
b2 +O(1) ∼ b
ag2s . (32)
Hence, the affine connection components, for ba ∼ O(1), is of O(10); the curvature components Rabcd will
hence also be finite. Assuming H2 ∼ V , the definitions of ǫ and η continue to remain the same as those for
slow-roll scenarios and one hence obtains:
ǫ ∼ (n
s)2 e
4πnsb
gs
+ b
2
gs (π + b)2
V ∼ 10
−3,
η ∼ ns(1 + nsb2)− bg
2
sn
se
4πnsb
gs
+ b
2
gs (π + b)√V ∼ n
s(1 + nsb) ∼ O(1). (33)
Finally, db
a
dN ∼
√
1− V
3H2
∼ O(1).
We now write out the various components of P˜AB , relevant to evaluation of Λ
A
B in (26):
P˜ a11b = 0,
P˜ a21b = δ
a
b ,
P˜ a12b = −
V
H2
(
∂a(Gac∂cV )
V
− G
ac∂cV ∂bV
V 2
)
−Rabcd
dbc
dN
dbd
dN
∼ O(1),
P˜ a2b2 = Gbc
dba
dN
dbc
dN
+
Gac∂cV
V
Gbf db
f
dN
− V
H2
δab ∼ O(1). (34)
Similarly,
(a) N1a ∼
1
||dbadN ||
∼ O(1),
N2a = 0;
(b) N11ab = N
12
ab = N
22
ab = 0,
N21ab ∼
Gbc dbcdN
||dbddN ||3
∼ O(1);
(c) N˜1a ≡ N1a −N2b Γbca
dbc
dN
∼ 1||dbadN ||
∼ O(1),
N˜2a ≡ N2a = 0;
(d) N˜11ab ≡ N11ab +N22caΓcmlΓlnb
dbm
dN
dbn
dN
+ (N12ac +N
21
ac )Γ
c
lb
dbl
dN
−N2c (▽aΓclb)
dbl
dN
−N2c ΓcalΓlnb
dbn
dN
∼ Gcd
dbd
dN
||dbmdN ||3
Γclb
dbl
dN
∼ O(1),
N˜12ab ≡ N12ab −N2c Γcab −N22cb Γcal
dbl
dN
= 0,
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N˜21ab ≡ N21ab −N2c Γcab −N22caΓcbl
dbl
dN
∼ Gbc
dbc
dN
||dbmdN ||3
∼ O(1),
N˜22ab ≡ N22ab = 0. (35)
Finally,
Q˜a111bc = −Rabcd
dbd
dN
∼ O(1),
Q˜a211bc = Q˜
a12
1bc = Q˜
a22
1bc = 0,
Q˜a122bc =
∂a(Gad∂dV )
V
dbl
dN
Glc − 2Racbl
dbd
dN
∼ O(1),
Q˜a222bc = δ
a
cGbd
dbd
dN
+ δabGcd
dbd
dN
+ Gbc
(
dba
dN
+
Gad∂aV
V
)
∼ O(1),
Q˜a112bc = −
V
H2
(
∂a∂b(Gad∂dV )
V
− ∂b(G
ad∂dV )∂cV
V 2
)
− (▽cRambl)
dbm
dN
dbl
dN
∼ O(1),
Q˜a212bc =
(
∂c(Gdf∂fV )
V
− G
ad∂dV ∂cV
V 2
)
Gbd db
d
dN
−Ralcb
dbl
dN
∼ O(1). (36)
So, substituting (25), (35)-(36) into (24), one sees that fNL ∼ O(1).
After completion of this work, we were informed about [52] wherein observable values of fNL may be
obtained by considering loop corrections.
4 Finite Tensor-Scalar Ratio and Loss of Scale Invariance
We now turn to looking for “finite” values of ratio of ampltidues of tensor and scalar perturbations, “r”.
Using the Hamilton-Jacobi formalism (See [23] and references therein), which is suited to deal with beyond
slow-roll approximations as well, the mode uk(y) - y ≡ kaH - corresponding to scalar perturbations, satisfies
the following differential equation when one does not assume slow roll conditions in the sense that even
though ǫ and η are still constants, but ǫ though less than unity need not be much smaller than unity and |η|
can even be of O(1) (See [23])9 :
y2(1− ǫ)2u′′k(y) + 2yǫ(ǫ− η˜)u′k(y) +
(
y2 − 2
(
1 + ǫ− 3
2
η˜ + ǫ2 − 2ǫη˜ + η˜
2
2
+
ξ2
2
))
uk(y) = 0. (37)
In this section, following [23], we would be working with η˜ ≡ η − ǫ instead of η. We will be assuming that
the slow parameter ξ <<< 110 - this can be easily relaxed. In order to get a the required Minkowskian
9In this section, unlike subsection 3.2, to simplify calculations, we would be assuming that one continues to remain close
to the locus sin(nk.b +mk.c) = 0 implying that the axionic moduli space metric is approximately a constant and the axionic
kinectic terms, and in particular the inflaton kinetic term, with a proper choice of basis - see [2] - can be cast into a diagonal form.
The cases having to do with being away from the slow-roll scenarios are effected by an appropriate choice of the holomorphic
isometric involution involved in the Swiss-Cheese Calabi-Yau orientifold and (30)
10From [23], ξ2 = ǫη˜ − ǫ dη˜
dI , I being the inflaton of section 3.1 . Neglecting ξ can be effected if η˜ ∼ e
∫ √
ǫdI
- this is hence
appropriate for hybrid inflationary scenarios, which is what gets picked out to ensure that the curvature perturbations do not
grow at horizon crossing and beyond.
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free-field solution in the long wavelength limit - the following is the solution11:
uk(y) ∼ c(k)y
1−ǫ2+2ǫ(−1+η˜)
2(−1+ǫ)2 H
(2)√
9+9ǫ4−12η˜+4η˜2−4ǫ3(1+5η˜)−4ǫ(3−3η˜+2η˜2)+2ǫ2(1+6η˜+4η˜2)
2(−1+ǫ)2
(
y
(−1 + ǫ)
)
. (38)
Now, H
(2)
α ≡ Jα − i
(
Jαcos(απ)−J−α
sin(απ)
)
. 12 The power spectrum of scalar perturbations is then given by:
P
1
2
R (k) ∼
∣∣∣∣uk(y = 1)z
∣∣∣∣ ∼
∣∣∣∣H(2)˜˜ν
(
1
(ǫ− 1)
)∣∣∣∣ 1√ǫ , (41)
where z ∼ a√ǫ (in Mπ = 1 units), and
˜˜ν ≡
√
9 + 9ǫ4 − 12η˜ + 4η˜2 − 4ǫ3(1 + 5η˜)− 4ǫ(3− 3η˜ + 2η˜2) + 2ǫ2(1 + 6η˜ + 4η˜2)
2(−1 + ǫ)2 .
The tensor perturbation modes vk(y) satisfy the following equation (See [23]):
y2(1− ǫ)2v′′k(y) + 2yǫ(ǫ− η˜)u′k(y) + (y2 − (2− ǫ))vk(y) = 0. (42)
Using arguments similar to ones given for scalar perturbation modes’ solution, one can show that the solution
to (42) is given by:
vk(y) ∼ y
1−ǫ2+2ǫ(−1+η˜)
2(−1+ǫ)2 H
(2)√
9+ǫ4+4ǫ(−6+η˜)−4ǫ3η˜+2ǫ3(9−4η˜+2η˜2)
2(−1+ǫ)2
(
y
(ǫ− 1
)
. (43)
11We follow [24] and hence choose H
(2)
ν (
y
−1+ǫ ) as opposed to H
(1)
ν (− y−1+ǫ )
12One would be interested in taking the small-argument limit of the Bessel function. However, the condition for doing the
same, namely 0 <
∣∣ y
−1+ǫ
∣∣ << √ν + 1 is never really satisfied. One can analytically continue the Bessel function by using the
fact that J˜˜ν(
y
(−1+ǫ) ) can be related to the Hypergeometric function 0F1
(
˜˜ν + 1;− y2
4(1−ǫ)2
)
as follows:
J˜˜ν(
y
(1− ǫ) ) =
(
y
2(1−ǫ)
)˜˜ν
Γ(˜˜ν + 1)
0F1
(
˜˜ν + 1;− y
2
4(1− ǫ)2
)
. (39)
where ˜˜ν ≡
√
9+9ǫ4−12η˜+4η˜2−4ǫ3(1+5η˜)−4ǫ(3−3η˜+2η˜2)+2ǫ2(1+6η˜+4η˜2)
2(−1+ǫ)2 . Now, the small-argument limit of (38) can be taken only if∣∣∣∣ y2(1− ǫ)
∣∣∣∣ < 1. (40)
This coupled with the fact that ǫ < 1 for inflation - see [23] - and that (40) will still be satisfied at y = 1 - the horizon crossing
- tells us that ǫ < 0.5. One can in fact, retain the
(
y
−1+ǫ
)−a
prefactor for continuing beyond ǫ = 0.5 up to ǫ = 1, by using the
following identity that helps in the analytic continuation of 0F1(a; z) to regions |z| > 1 (i.e. beyond (40))- see [53]:
0F1(a; z)
Γ(a)
= −e
ipi
2
( 3
2
−a)z
1−2a
4√
π
[
sinh
(
πi
2
(
3
2
− a
)
− 2√z
) [ 14 (2|b−1|−1)]∑
k=0
(2k + |a− 1| − 1
2
)!
24k(2k)!(|a − 1| − 2k − 1
2
)!zk
+
1√
z
cosh
(
πi
2
(
3
2
− a
)
− 2√z
) [ 14 (2|b−1|−1)]∑
k=0
(2k + |a− 1| − 1
2
)!
24k(2k + 1)!(|a − 1| − 2k − 1
2
)!zk
]
,
if a− 1
2
∈ Z.
12
The power spectrum for tensor perturbations is given by:
P
1
2
g (k) ∼ |vk(y = 1)| ∼
∣∣∣∣H(2)ν˜
(
1
−1 + ǫ
)∣∣∣∣ , (44)
where ν˜ ≡
√
9+ǫ4+4ǫ(−6+η˜)−4ǫ3η˜+2ǫ3(9−4η˜+2η˜2)
2(−1+ǫ)2 . Hence, the ratio of the power spectra of tensor to scalar
perturbations will be given by:
r ≡

 P
1
2
g (k)
P
1
2R
(k)


2
∼ ǫ
∣∣∣∣∣∣
H
(2)
ν˜
(
1
(ǫ−1)
)
H
(2)
˜˜ν
(
1
(ǫ−1)
)
∣∣∣∣∣∣
2
, (45)
which, for ǫ = 0.0034, η˜ ∼ 10−5 - a set of values which are realized with Calabi-Yau volume V ∼ 105 and D3-
instanton number ns = 10 for obtaining fNL ∼ 10−2 and are also consistent with “freeze-out” of curvature
perturbations at superhorizon scales (See (47)) - yields r = 0.003. One can therefore get a ratio of tensor
to scalar perturbations of O(10−2) in slow-roll inflationary scenarios in Swiss-Cheese compactifications.
Further, one sees that the aforementioned choice of ǫ and η˜ implies choosing the holomorphic isometric
involution as part of the Swiss-Cheese Calabi-Yau orientifolding, is such that the maximum degree of the
genus-0 holomorphic curve to be such that n0β ∼ V
k2g
5
2
s
, which can yield the number of e-foldings Ne ∼ O(10)
for D3-instanton number ns ∼ 10 alongwith the non-Gaussianties parameter fNL ∼ O(10−2) and tensor-to
scalar ratio r = 0.003.
The expression for the scalar Power Spectrum at the super horizon scales i.e. near y = 0 with a(y)H(y) =
constant, is given as:
P
( 1
2
)
R (y) ∼
(1− ǫ)˜˜νy 32−˜˜ν
Hν−
3
2 aν−
1
2
√
ǫ
∼ AH(y)y 32−˜˜ν (46)
where ν = 1−ǫ
2+2ǫ(−1+η˜)
2(−1+ǫ)2 and A is some scale invariant quantity. Using
dlnH(y)
dlny ≡ ǫ1−ǫ , we can see that scalar
power spectrum will be frozen at superhorizon scales, i.e., dlnP
1
2 (y)
dlny = 0 if the allowed values of ǫ and η˜
parameters satisfy the following constraint:
dlnH(y)
dlny
+
3
2
− ˜˜ν ≡ ǫ
1− ǫ +
3
2
− ˜˜ν ∼ 0 (47)
The loss of scale invariance is parameterized in terms of the spectral index which is:
nR − 1 ≡ dlnP (k)
dlnk
= 3− 2Re(˜˜ν) (48)
which gives the value of spectral index nR − 1 = 0.014 for the allowed values e.g. say (ǫ = 0.0034, η˜ =
0.000034) obtained with curvature fluctuations frozen of the order 10−2 at super horizon scales.
In a nutshell, for V ∼ 105 and ns ∼ 10 we have ǫ ∼ 0.0034, |η| ∼ 0.000034, Ne ∼ 17, |fNL|max ∼ 10−2, r ∼
4 × 10−3 and |nR − 1| ∼ 0.014 with super-horizon freezout condition’s violation of O(10−3). Further if we
try to satisfy the freeze-out condition more accurately, say we take the deviation from zero of the RHS of
(47) to be of O(10−4) then the respective set of values are: V ∼ 106, ns ∼ 10, ǫ ∼ 0.00028, |η| ∼ 10−6, Ne ∼
60, |fNL|max ∼ 0.01, r ∼ 0.0003 and |nR − 1| ∼ 0.001. This way, we have realized Ne ∼ 60, fNL ∼ 10−2,
r ∼ 10−3 and an almost scale-invariant spectrum in the slow-roll case of our LVS Swiss-Cheese Calabi-Yau
orientifold setup.
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5 Conclusion and Discussion
In this note, we argued that starting from large volume compactification of type IIB string theory involving
orientifolds of a two-parameter Swiss-Cheese Calabi-Yau three-fold, for appropriate choice of the holomor-
phic isometric involution as part of the orientifolding and hence the associated Gopakumar-Vafa invariants
corresponding to the maximum degrees of the genus-zero rational curves , it is possible to obtain fNL - pa-
rameterizing non-Gaussianities in curvature perturbations - to be of O(10−2) in slow-roll and to be of O(1)
in slow-roll violating scenarios. Using general considerations and some algebraic geometric assumptions as
above, we show that requiring a “freezeout” of curvature perturbations at super horizon scales, it is possible
to get tensor-scalar ratio of O(10−3) in the same slow-roll Swiss-Cheese setup. We predict loss of scale
invariance to be within the existing experimental bounds. In a nutshell, for Calabi-Yau volume V ∼ 106 and
ns ∼ 10, we have realized ǫ ∼ 0.00028, |η| ∼ 10−6, Ne ∼ 60, |fNL|max ∼ 0.01, r ∼ 0.0003 and |nR−1| ∼ 0.001
with a super-horizon-freezout condition’s deviation (from zero) of O(10−4). Further we can see that with
Calabi-Yau volume V ∼ 105 and ns ∼ 10 one can realize better values of non-Gaussienities parameter and
“r” ratio (|fNL|max = 0.03 and r = 0.003) but with number of e-foldings less than 60. Also in the slow-roll
violating scenarios, we have realized fNL ∼ O(1) with number of e-foldings Ne ∼ 60 without worrying about
the tensor-to-scalar ratio and |nR − 1| parameter.
To conclude, we would like to make some curious observations pertaining to the intriguing possibility
of dark matter being modelled by the NS-NS axions presenting the interesting scenario of unification of
inflation and dark matter and producing finite values of non-Gaussianities and tensor-scalar ratio. In (2), if
one assumes:
(a) the degrees ka’s of β ∈ H−2 (CY3) are such that they are very close and large which can be quantified as
k21−k22
k21+k
2
2
∼ −O
(
1
2
√
lnVV4
)
,
(b) one is close to the locus sin(nk.b+mk.c) = 0, where the closeness is quantified as sin(nk.b+mk.c) ∼
O( 1V ), and
(c) the axions are sub-Planckian so that one can disregard quadratic terms in axions relative to terms linear
in the same,
then the potential of (2) can then be written as
V ∼ V0

(∑
ma
e
−m2
2gs
+mab
ans
gs
)2
− 8

 . (49)
Now, the Jacobi theta function (“θ( igs ,
nsba
gs
)”) squared in (49) can be rewritten as:
∑
M+1 ,M1+−;M+2 ,M−2
e
− (M
+
1
)2+(M−
1
)2
2gs e
− (M
+
2
)2+(M−
2
)2
2gs e
(M+1 b1+M+2 b2)n
s
gs . (50)
Now, writing m1b
1+m2b
2 as 12(M+(b1+ b2)+M−(b1− b2)) and noting that the inflaton I, for k1 ∼ k2 can
be identified with b1 + b2 - see [2] - one sees that (50) can be written as

∑
M−1
e
− (M
−
1
)2
4gs


2 ∑
M+,M−
e
− (M+)
2+(M−)2
2gs e
(M+I+M−I⊥)ns
2 , (51)
I⊥ ∼ b1 − b2 - for orthonormal axionic fields, I⊥ will be orthogonal to I. Now, assuming I⊥ has been
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stabilized to 0, one sees that one could write
(
θ
(
i
gs
,
bans
gs
))2
∼ 2

∑
M−1
e
− (M
−
1
)2
2gs


3 ∑
M+≥0
e
−M
2
+
2gs cosh
(M+Ins
2
)
, (52)
which in the weak coupling limit gs << 1 is approximately equal to 2
∑
M1≥0 e
−M
2
1
4gs cosh
(M+Ins
2
)
. This,
when substituted into the expression for the potential in (49), yields:
V ∼ V0

∑
M≥0
e
−M2
2gs cosh
(MIns
2
)
−
∑
M≥0
e
−M2
2gs

 . (53)
Once again, in the weak coupling limit, the sum in (53) can be assumed to be restricted to M proportional
to 0 and 1. This hence gives:
V ∼ V0
(
cosh
(Ins
2
)
− 1
)
. (54)
One sees that (54) is of the same form as the potential proposed in [56]:
V = V0 (cosh(λφ) − 1) ,
for cold dark matter! This, given the assumption of sub-Planckian axions, is by no means valid for all I.
However, in the given domain of validity, the fact that a string (SUGRA) potential can be recast into the
form (54) is, we feel, quite interesting.
Alternatively, in the same spirit as [57], if one breaks the NS-NS axionic shift symmetry “slightly” by
restricting the symmetry group Z to Z+ ∪ {0}, then (53) can be rewritten as:
∑
M≥0
e
−M2
2gs e
MIns
2 −
∑
M≥0
e
−M2
2gs ∼ e− π
2
2gs e
πIns
2 + e
− 4π2
2gs e
4πIns
2 , (55)
which is similar to:
V = eα1+α2φ + eβ1+β2φ,
(where α2, β2 are taken to be positive) that has been used to study quintessence models (in studies of dark
energy) - see [58] - in fact, as argued in [58], one can even include I⊥.
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